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Department of Physics, Indiana University-Purdue University Indianapolis, Indianapolis, IndianaABSTRACT Ion conduction through microscopic channels is of central importance in both biology and nanotechnology. To
better understand the current-voltage (I-V) dependence of ion channels, here we describe and prove a collective diffusion model
that quantitatively relates the spontaneous ion permeation at equilibrium to the stationary ionic fluxes driven by small voltages.
The model makes it possible to determine the channel conductance in the linear I-V range from equilibrium simulations without
the application of a voltage. To validate the theory, we perform molecular-dynamics simulations on two channels—a conical-
shaped nanopore and the transmembrane pore of an a-hemolysin—under both equilibrium and nonequilibrium conditions.
The simulations reveal substantial couplings between the motions of cations and anions, which are effectively captured by
the collective coordinate in the model. Although the two channels exhibit very different linear ranges in the I-V curves, in both
cases the channel conductance at small voltages is in reasonable agreement with the prediction from the equilibrium simulation.
The simulations also suggest that channel charges, rather than geometric asymmetry, play a more prominent role in current
rectification.INTRODUCTIONThe flow of ions through cell membranes and the resulting
change in ion concentration and membrane potential play
critical roles in biology. In living cells, many membrane
proteins function as channels (1) to facilitate and control
the conduction of specific ions. The transmission of neural
signals, e.g., requires the coordinated functioning of a
variety of protein ion channels. Due to their biophysical
and physiological significance, a number of ion channels
have been under extensive studies. Experimentally, with
powerful techniques such as patch-clamp, individual ion
channels can be isolated and studied one channel at a
time, and the properties of the channel under different
conditions can be fully characterized at single-protein level.
Analogous to biological ion channels, pores of nanometer
size can be fabricated in synthetic membranes (2). Upon
application of a voltage, ionic currents through these nano-
pores can be measured and used to infer the status of the
pore. For example, reversible drops in the current magnitude
may indicate periods when the pore is temporarily occupied
and blocked by macromolecules such as DNAs in the solu-
tion. Ionic current is thus an important readout in nanopore-
based devices, which hold great promise in single-molecule
detection and analysis.
The major characteristic of an ion channel is its current-
voltage (I-V) dependence. I-V curves of both biological
and synthetic ion channels can be directly obtained from
experiments (1,2). Computationally, a variety of techniques
can be employed to calculate the I-V response of ion chan-
nels. At the continuum level, the Poisson-Nernst-PlanckSubmitted August 13, 2012, and accepted for publication November 29,
2012.
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0006-3495/13/01/0368/9 $2.00model (3,4) is a powerful tool to compute the ionic currents
under given voltages. Alternatively, by explicitly simulat-
ing the diffusional motions of individual ions, Brownian
dynamics (4,5) has been widely adapted to study ion chan-
nels, in which the environment is typically represented by
continuum parameters. At the all-atom level, steady-state
ionic currents can be directly observed in molecular-
dynamics (MD) simulations under various applied voltages
(6–10) or electrochemical potentials (11), thereby delin-
eating the I-V curves.
When the solutions at the two sides of the membrane
share an identical ion concentration, the applied voltage is
the driving force for the ion conduction, and the net ionic
flux vanishes in the absence of the voltage, i.e., IjV¼0 ¼ 0.
Apart from this, the I-V response of an ion channel can be
complicated and may not always be described by simple
analytical functions, especially when the applied voltage
is large and the system is far from equilibrium. At suffi-
ciently low voltages, however, the ionic current can be
approximated by a linear function of the voltage, and this
linear portion of the I-V curve can be characterized by
a constant conductance of the channel, or the slope of the
I-V curve near V ¼ 0.
According to linear response theory (12), the response of
a system to small driving forces is quantitatively related to
the magnitude of equilibrium fluctuations. Indeed, it was
previously reported that the permeability of single-file water
channels can be determined by monitoring equilibrium
water translocation rates (13,14). More generally, it was
further established that by choosing a proper collective
coordinate, the steady-state water fluxes through any
channel under nonequilibrium conditions can be accurately
predicted from spontaneous water permeation at equilib-
rium (15). Similar relations for ion conduction were alsohttp://dx.doi.org/10.1016/j.bpj.2012.11.3826
Collective Diffusion Model for Ion Conduction 369provided in terms of charge movements through an external
electric circuit (4). In this study, we describe and prove
an analogous collective diffusion model that relates the
spontaneous ion transport at equilibrium to the stationary
ion fluxes under small voltages, and demonstrate that the
channel conductance can be determined from equilibrium
trajectories.METHODS
In this section, we first present the collective diffusion model, and then
describe simulations on two systems to verify the conclusion of the model.Collective diffusion model
Following linear response theory (12), here we first offer a detailed proof
of a general equation that connects the equilibrium autocorrelation function
of the system to its response to weak perturbations (4). For membrane
channel systems, we then provide a more intuitive interpretation based on
a collective coordinate that quantifies the net ion transport through the
channel, and recover the same equality using the Smoluchowski diffusion
equation.
Linear response to a constant voltage
Consider a classical system in which each atom i has a fixed charge ei and
mass mi. In this study, we assume that all applied voltages are along the z
direction, and we are only concerned by ion motions in this direction. We
define a quantity J to describe the velocity of the total charge movement,
J ¼
X
i
eivi; (1)
in which vi is the z component of the velocity of atom i. At equilibrium,
hJi ¼ 0 holds.
We first consider an external time-dependent electric field with magni-
tude E(t) along the z direction and uniform in space. Similar to the vector
potential in electrodynamics, we introduce a potential A(t) such that (12)
EðtÞ ¼ d
dt
AðtÞ: (2)
When this electric field acts on all atoms in the system, the Hamiltonian can
be expressed as (12)H ¼
X
i
1
2mi
ðpi  eiAÞ2þH0; (3)
wherepihmivi þ eiA (4)
is the generalized momentum in the z direction, and H0 includes the terms
independent of the external electric field, i.e., the intrinsic potential energyand the kinetic energy arising from the x- and y-components of the
momenta.
Now suppose that the electric field is an infinitesimal impulse at t ¼ 0:
EðtÞ ¼ A0 , dðtÞ: (5)
The corresponding A(t) is then a step function:AðtÞ ¼

A0 t<0
0 tR0
: (6)We further assume that A0 is small, such that for t< 0, the H in Eq. 3 can be
expanded to first-order,
HzH0  A0
X
i
eipi
mi
; (7)
where H0 is the Hamiltonian in the absence of the applied electric field, i.e.,
when A(t) is 0. Substituting Eqs. 1 and 4 into Eq. 7 and ignoring higher-order terms of A0, we obtain
H ¼

H0  A0J t<0
H0 tR0
: (8)
Therefore, the effect of the impulse (Eq. 5) is essentially applying a constant
perturbationA J in the Hamiltonian during t< 0 and abruptly switching it0
off at t ¼ 0.
According to linear response theory (12), for sufficiently small A0 such
that the system is close to equilibrium when the perturbation is switched
off, the average response at tR 0, i.e., hJ(t)id, is related to the autocorrela-
tion function of J in the equilibrium ensemble (12),
hJðtÞid ¼
A0
kBT
hJð0ÞJðtÞi; (9)
with kB as the Boltzmann’s constant and T the temperature. Moreover, in the
linear regime, the response to an arbitrary time-dependent electric field E(t)can be expressed as (12)
hJðtÞiEðtÞ ¼
Z t
N
dt0cðt  t0ÞEðt0Þ; (10)
where c(t) is the response function. By comparing Eq. 10 with the response
(Eq. 9) to the impulse (Eq. 5), we obtain c(t) ¼ hJ(0)J(t)i/k T. The averageB
J generated by E(t) is therefore
hJðtÞiEðtÞ ¼
1
kBT
Z t
N
dt0hJð0ÞJðt  t0ÞiEðt0Þ: (11)
For an electric field constant in time, E(t) ¼ E0, the induced stationary J
is thusJsteady ¼ E0
kBT
ZN
0
dthJð0ÞJðtÞi: (12)
We note that so far we have closely followed the derivation of a similar rela-
tion for electrical conductivity as outlined in Frenkel and Smit (12), exceptthat here the concerned quantity is the integrated charge flux.
Now we further assume that the system is periodic in the z direction, with
unit length Lz. The instantaneous electric current I(t) through this system
can be expressed as (8,16,17)
IðtÞ ¼ JðtÞ
Lz
; (13)
with J(t) defined in Eq. 1. Furthermore, with the constant external electric
field E , the voltage drop over a periodic cell is V¼ E L . Substituting these0 0 z
expressions into Eq. 12, we obtain (4)
Isteady ¼ V
kBT
ZN
0
dthIð0ÞIðtÞi: (14)Biophysical Journal 104(2) 368–376
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QðtÞh
Z t
0
IðtÞdt (15)
as the amount of charge transfer through the system (17). Using the equilib-
rium relation between the mean-squared displacement (MSD) of Q and itsvelocity autocorrelation function,

Q2ðtÞ ¼ 2
Z t
0
dt0ðt  t0ÞhIð0ÞIðt0Þi; (16)
the diffusion coefficient of Q is given byDQh
lim
t/N
dhQ2ðtÞi
dt
2
¼
ZN
0
dthIð0ÞIðtÞi : (17)
Substituting it into Eq. 14, we obtainIsteady ¼ DQ
kBT
V: (18)
The conductance of the system is thengh
I
V
¼ DQ
kBT
: (19)
Membrane channel system
We now apply the general relations above to systems containing a channel
embedded in a membrane. We define the channel region as the space
between two z planes at z1 and z2, with the channel length Lc ¼ z2  z1.
We note that in a stationary state, the average current through any z plane
in the system must be identical. One therefore has the freedom to measure
the current in any cross section of the system. In particular, we define the
current through the channel as
I ¼
X
i˛SðtÞ
eivi
Lc
; (20)
where S(t) denotes the set of atoms in the channel region at time t, and vi the
z component of the velocity of atom i. On average, the steady-state currentthrough the channel (Eq. 20) is identical to the current through the entire
system (Eqs. 1 and 13). With the new definition of the current, the charge
transfer through the channel, Q, can be similarly defined by Eq. 15, with
the equilibrium diffusion coefficient DQ given by Eq. 17.
We further note that DQ is a constant regardless of the specific definition
(z1 and z2 above) of the channel region, as long as the Lc in Eq. 20 correctly
measures the length of the region. This is because the difference in the net
charge transport through different z planes has a certain upper bound, as the
variation in the total charge in any given region cannot be arbitrarily high.
Consequently, among different definitions of the channel region, the result-
ing Q(t) curves will differ from each other at most by some bounded
amount. Asymptotically, all hQ2(t)i curves thus have the same slope at large
t. Therefore, one has the freedom to defineQ using, e.g., the current through
the channel region (Eq. 20), through the entire system (Eqs. 1 and 13), or
through an imaginary external electric circuit (4), and will nonetheless
obtain the same diffusion coefficientDQ, which determines the conductance
g (Eq. 19). In practice, the channel is typically the rate-limiting region for
ion transport, and the fluctuations of charge displacements in the bulkBiophysical Journal 104(2) 368–376region mainly contribute to the initial nonlinear phase of the MSD curve.
Using the I and Q for the channel region only (Eq. 20) would thus help
suppress the nonlinear portion, making the calculation of DQ technically
more convenient.
With Q defined through Eq. 20, we offer a more intuitive interpretation
of the linear-response relation. The quantity Q is essentially a collective
coordinate that describes the amount of net charge transfer through the
channel, and Q(t) represents the time evolution of the charge transfer. At
equilibrium, Q(t) represents an unbiased one-dimensional random walk
(4) with hQ(t)i ¼ 0, characterized by a diffusion coefficient DQ defined
in Eq. 17.
Under a constant voltage V, because the membrane represents the
main resistance to the ionic current, the majority of the potential drop
occurs across the membrane. A net charge transfer of Q across the
membrane under a voltage drop V will thus result in a change in the free
energy by
DGðQÞ ¼ VQ: (21)
Under the given voltage, therefore, Q(t) represents a biased random walk in
a linear potential. According to the solution of the Smoluchowski diffusionequation under a linear potential, Q on average is drifting with a constant
velocity:
hQðtÞisteady ¼
DQV
kBT
t: (22)
This corresponds to a stationary state, with the steady-state current iden-
tical to that in Eq. 18. We have thus recovered Eq. 18 by treating ionconduction as a collective diffusion process. A similar relation for water
permeation through channels was previously derived in an analogous
manner (15).Simulations and analysis
To verify the collective diffusion model, we performed MD simulations on
two systems: a simple model nanopore, and the transmembrane pore of an
a-hemolysin (18). We describe below the setup and the analysis of the
simulations.
Model nanopore
In this system (Fig. 1 a), two layers of carbon atoms 30 A˚ apart represent
a membrane, with a conical-shaped channel formed also by carbon atoms.
The two ends of the channel have radii of 10 A˚ and 20 A˚, respectively.
The asymmetric shape of the channel was designed to study the effect of
current rectification. All atoms forming the membrane and the channel are
assigned zero charges and are fixed in the simulations. The simulation system
(Fig. 1 a), with a total of 39,431 atoms, contains 11,780 water molecules,
229 Kþ ions, and 229 Cl ions, representing a KCl solution of ~1.2 M
bulk concentration.
We simulated the system above under both equilibrium and nonequilib-
rium conditions. The equilibrium simulation, in the absence of any external
voltage, was run for 100 ns. In addition, we performed 16 nonequilibrium
simulations, in which a constant voltage ranging from 0.02 V to 2.0 V was
applied, as summarized in Table 1. The voltage was implemented by
applying a constant uniform electric field E along the z direction (19),
and the resulting voltage is then given by V ¼ ELz, with Lz the length of
the periodic cell (16). This method has been widely adopted (6–10) and es-
tablished as a valid approach to achieve a transmembrane potential in MD
simulations (17). The magnitude and direction of the external electric field
in each individual simulation were chosen such that the desired voltage
(Table 1) is achieved. We note that throughout this study, a positive voltage
is defined as the z side of the membrane having higher electric potential
than the þz side, such that the resulting electric field in the membrane
region is along the þz direction.
FIGURE 1 (a) Side view of the periodic cell (82 A˚ 82A˚ 84 A˚) of the
model nanopore system. The front-half of the channel and the membrane is
removed to reveal the channel interior. Kþ and Cl ions are drawn as
spheres. (b) The unit cell (~59 A˚  59A˚  94 A˚) of the a-hemolysin
system, with the cis side up. The protein consists of seven monomers.
Both images were rendered using the VMD program (32).
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The heptameric a-hemolysin (9,18,20) is a toxin that forms a large pore in
the membrane of the affected cell. Here we performed another test of our
theory on this protein channel. To make longer simulations affordable,
our simulation system consists of only the transmembrane domain of the
protein, i.e., residues 105–151 of each monomer in the crystal structure
(PDB:7AHL) (18). In all simulations, harmonic restraints with a spring
constant of 1 kcal/mol/A˚2 were applied to all Ca atoms to maintain the
conformation of the transmembrane domain. We caution that the truncation
of the protein and the artificial restraints here would likely affect the I-V
characteristics of the channel. We note, however, that our main focus in
this study is to examine the relation (Eq. 18) between the equilibrium
and nonequilibrium ion kinetics. Previous simulations (9,20) of the entire
a-hemolysin complex revealed more details of this particular protein.
The simulation system (Fig. 1 b), with a total of 34,238 atoms, consists of
the transmembrane pore of a-hemolysin, a bilayer of 84 palmitoyl-oleoyl-
phosphatidylcholine lipid molecules, 5,953 water molecules, 184 Kþ ions,TABLE 1 Summary of the nonequilibrium simulations for the mod
Voltage (V) Time (ns) Kþ current (e/ns) Cl cur
0.02 140 0.345 0.18 0.33
0.02 140 0.435 0.18 0.33
0.05 60 1.4 5 0.3 0.8
0.05 60 1.1 5 0.3 1.1
0.1 30 2.0 5 0.4 1.7
0.1 30 1.6 5 0.4 2.4
0.2 30 4.2 5 0.4 4.1
0.2 30 3.1 5 0.4 4.5
0.5 20 10.15 0.5 7.8
0.5 20 8.9 5 0.6 10.0
1.0 15 14.75 0.6 10.9
1.0 15 13.25 0.6 13.8
1.5 15 18.55 0.6 15.1
1.5 15 19.35 0.6 16.5
2.0 15 17.65 0.7 20.4
2.0 15 22.15 0.6 17.0
The first five columns represent the applied external voltage, the length of the si
each simulation. The last column shows the predicted current by assuming a lin
mined from the equilibrium simulation.and 177 Cl ions representing a KCl solution of ~2.0 M bulk concentration.
Similar to the model nanopore system, we performed one 100-ns equilib-
rium simulation, and 14 nonequilibrium simulations with constant voltages
ranging from 0.025 V to 1.0 V as summarized in Table 2.
Simulation protocol
The simulations were performed using the TIP3P water model (21) and the
NAMD2 program (22) under the periodic boundary conditions with
constant temperature (300 K) and volume. Full electrostatics was calculated
using the particle mesh Ewald method (23). The CHARMM (Ver. c36)
force field (24–26) was adopted for the protein and lipids in the a-hemo-
lysin simulations.
Analysis
From each simulation, we obtained the trajectory of the collective coordi-
nate Q based on Eqs. 15 and 20. The channel region is defined as the space
between two planes z1 and z2, with channel length Lc ¼ z2  z1 ¼ 30 A˚. For
each time interval between two consecutive frames in the simulation trajec-
tory, the change in Q was calculated by
DQ ¼
X
z1%zi<z2
eiDzi
Lc
: (23)
We note that if an ion i enters or exits the channel during the interval, Dzi
should be taken as the portion of its displacement within the channel region.
The trajectory Q(t) was then obtained by cumulating the DQ in each time
interval. The thus-calculated Q(t) conforms to the definition (Eq. 20), and
ensures that the complete passage of an ion with charge e across the channel
will result in a net change in Q by exactly the amount of e. For the nonequi-
librium simulations, the average current was obtained by dividing the total
change in Q by the sampling time. The first nanosecond of each simulation
was discarded and the rest used for analysis.RESULTS
Model nanopore
The trajectory of the collective coordinate Q(t) from the
100-ns equilibrium simulation is shown in Fig. 2 a. Becauseel nanopore
rent (e/ns) Total current (e/ns) Linear prediction (e/ns)
5 0.18 0.665 0.20 0.715 0.08
5 0.18 0.755 0.20 0.715 0.08
5 0.3 2.2 5 0.3 1.85 0.2
5 0.3 2.2 5 0.3 1.85 0.2
5 0.4 3.7 5 0.4 3.65 0.4
5 0.4 4.0 5 0.4 3.65 0.4
5 0.4 8.3 5 0.4 7.15 0.8
5 0.4 7.6 5 0.4 7.15 0.8
5 0.5 17.95 0.6 17.85 2.1
5 0.5 19.05 0.6 17.85 2.1
5 0.6 25.65 0.6 35.75 4.2
5 0.6 27.05 0.6 35.75 4.2
5 0.6 33.65 0.7 53.55 6.2
5 0.6 35.85 0.7 53.55 6.2
5 0.7 38.05 0.7 71.35 8.3
5 0.6 39.15 0.7 71.35 8.3
mulation, and the observed steady-state Kþ, Cl, and total ionic currents in
ear I-V dependence (Eq. 18) and using DQ ¼ (0.925 0.11) e2/ns, as deter-
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TABLE 2 Summary of the nonequilibrium simulations for the a-hemolysin pore
Voltage (V) Time (ns) Kþ current (e/ns) Cl current (e/ns) Total current (e/ns) Linear prediction (e/ns)
0.025 150 0.205 0.12 0.265 0.12 0.465 0.14 0.375 0.09
0.025 150 0.015 0.11 0.365 0.12 0.355 0.14 0.375 0.09
0.05 100 0.205 0.15 0.605 0.15 0.795 0.17 0.745 0.17
0.05 100 0.165 0.13 0.625 0.14 0.795 0.16 0.745 0.17
0.1 90 0.645 0.17 1.325 0.18 1.965 0.19 1.495 0.34
0.1 90 0.375 0.14 0.965 0.15 1.335 0.18 1.495 0.34
0.15 80 1.075 0.17 1.735 0.18 2.805 0.20 2.235 0.51
0.15 80 0.595 0.15 1.665 0.16 2.255 0.19 2.235 0.51
0.2 70 1.635 0.20 2.465 0.21 4.095 0.23 2.975 0.68
0.2 70 0.835 0.15 2.045 0.17 2.875 0.19 2.975 0.68
0.5 50 4.695 0.22 5.355 0.22 10.045 0.26 7.445 1.71
0.5 50 1.355 0.13 4.105 0.18 5.455 0.19 7.445 1.71
1.0 30 10.865 0.30 9.625 0.28 20.495 0.33 14.875 3.42
1.0 30 2.685 0.15 7.785 0.21 10.475 0.24 14.875 3.42
Each column has the same meaning as in Table 1. The linear prediction (last column) was based on Eq. 18, using DQ ¼ (0.385 0.09) e2/ns from the equi-
librium simulation.
a b
372 Liu and ZhuKþ and Cl ions are the only charged species in the system,
Q can be decomposed into the contributions from these two
ion types: Q¼ QK þ QCl. The trajectories of QK and QCl are
also shown in Fig. 2 a. As expected, all trajectories appear to
represent a random walk.
The corresponding MSDs from the equilibrium trajecto-
ries are shown in Fig. 3 a. The MSD-t curves exhibit a
substantial nonlinear phase at the onset, implying that the
velocity autocorrelation function of Q, hI(0)I(t)i, vanishes
only at a timescale t > ~100 ps. This is in contrast to the
MSD of the collective coordinate for water transport (15),
in which the initial nonlinear phase is within 1 ps (15).
We fit the linear portion of the MSD curve (Fig. 3 a) into
a function MSD(t) ¼ a þ bt, obtaining the offset a ¼
(0.17 5 0.05) e2 and the slope b ¼ (1.84 5 0.21) e2/ns,
with e the elementary charge. According to Eq. 17, the
diffusion coefficient DQ ¼ b/2, or (0.92 5 0.11) e2/ns; ac-
cording to Eq. 19, this corresponds to a channel conductance
of ~5.7 nanosiemens (nS).
Equilibrium trajectories of the collective coordinates for
Kþ and Cl permeation through a protein channel were
previously found to also behave as unbiased random walks
characterized by the respective diffusion coefficients (9).
Here, with the introduction of Q for the total charge trans-
port, the MSD curves (Fig. 3 a) further reveal a correlation
between the motions of Kþ and Cl ions. If the motions of
the two ion types are completely independent of each other,
one would expect the MSDs to be additive, i.e.,

DQ2
 ¼ DQ2Kþ DQ2Cl;
which, however, is clearly not the case here. In fact, theFIGURE 2 The trajectories of the collective coordinate Q (in unit of
elementary charge e) in the equilibrium simulations of the model nano-
pore (a) and the a-hemolysin pore (b), obtained using Eq. 23. Also shown
are the trajectories of QK and QCl arising from K
þ and Cl ions, respec-
tively.MSD for the total charge transport Q is smaller than the
MSDs of both QK and QCl, indicating a substantial negative
correlation between the two components. This corresponds
to a positive correlation between the translocations of Kþ
and Cl through the channel, considering their opposite
charges. The passages of Kþ and Cl ions are thus coupled,Biophysical Journal 104(2) 368–376thereby partially canceling the net charge transport
described by Q. The coupled transport presumably arises
from electrostatic attractions between the cations and
anions.
The I-V curve of the channel was determined in a series
of nonequilibrium simulations with applied external volt-
ages, as summarized in Table 1 and plotted in Fig. 4. At
small voltages, the observed currents can be satisfactorily
described by the linear I-V relation (Fig. 4, solid line) pre-
dicted from Eq. 18 with DQ determined from the equilib-
rium simulation above. The collective diffusion model
thus proves to be valid in this test. Similar to Q, the total
ionic current I can also be decomposed into Kþ and Cl
currents, I ¼ IK þ ICl. However, neither IK nor ICl here is
quantitatively related (Eq. 18) to the respective diffusion
coefficient in the equilibrium trajectory. This demonstrates
that if the coupling between the translocations of different
ions cannot be ignored, as discussed earlier, the prediction
FIGURE 5 Concentrations of Kþ (left panels) and Cl (right panels) ions
within a cylinder of 10 A˚ radius around the channel axis as a function of the
z position, in the simulations of the model nanopore with the indicated volt-
ages. The narrowest constriction of the channel (Fig. 1 a) is at the entrance
with z ¼ 15 A˚. (Dashed lines) The corresponding ion concentrations in
the equilibrium simulation.
a b
FIGURE 3 Mean-squared displacements (MSDs) calculated from the
equilibrium trajectoriesQ(t),QK(t), andQCl(t) shown in Fig. 2 for the model
nanopore (a) and the a-hemolysin pore (b). (Solid lines) Linear fits for the
data between t ¼ 200 ps and t ¼ 400 ps in the MSD curve for the model
nanopore (a), and between t¼ 1000 ps and t¼ 2000 ps for the a-hemolysin
pore (b).
Collective Diffusion Model for Ion Conduction 373(Eq. 18) is only valid when the collective coordinate Q
incorporates the contributions from all conducting ions.
When the applied voltage is larger than ~0.5 V, the
observed current (Table 1 and Fig. 4) through the channel
deviates from the linear I-V dependence and becomes sub-
linear. In general, the behavior of a system far from equilib-
rium can be very complicated and depend on a variety of
factors. Nonetheless, in this relatively simple model system,
we suspect that ion distribution may play a role in the
observed I-V response. In particular, the entrance of the
channel at the z side represents the narrowest constriction
along the ion conduction pathway, and ion density and
mobility in that region would largely determine the overall
ion-conducting rate (20). We therefore calculated the
ion concentrations near the entrance region, as shown in
Fig. 5 for some of the simulations. At relatively small volt-FIGURE 4 The observed (Kþ, Cl, and total) currents at each applied
voltage in the nonequilibrium simulations of the model nanopore (Table 1).
(Solid line) Linear I-V curve predicted from Eq. 18, with the value of DQ
obtained from the equilibrium simulation. (Upper inset) Closeup view of
the data at small voltages.ages (50.1 V), the concentrations of both Kþ and Cl ions
remain close to the equilibrium distribution (Fig. 5, dashed
lines). At large voltages (52.0 V), in contrast, ion concen-
trations at the narrowest constriction become significantly
lower than the concentration at equilibrium. This drop in
ion density would be related to and may partially account
for the lower observed currents compared to the linear
extrapolation. Clearly, when the high voltages alter the ion
density in the rate-limiting region, the ionic current can no
longer be predicted from equilibrium quantities.a-Hemolysin pore
The trajectory of the collective coordinate Q(t) from the
100-ns equilibrium simulation is shown in Fig. 2 b, with
the corresponding MSD given in Fig. 3 b. The nonlinear
phase (~500 ps) in the MSD-t curve is even longer here
than in the case of the model nanopore, implying a long
decay time in the autocorrelation function hI(0)I(t)i. Similar
to the model nanopore, the MSD of the collective coordinate
Q is smaller than the sum of the MSDs for Kþ and Cl ions,

DQ2

<

DQ2K
þ DQ2Cl;
indicating a coupled transport of the two ion types. By
fitting the MSD curve (Fig. 3 b) into a linear function
MSD(t) ¼ a þ bt, we obtain a ¼ (0.29 5 0.21) e2 and
b ¼ (0.77 5 0.18) e2/ns, with the diffusion coefficient
DQ ¼ b/2, or (0.38 5 0.09) e2/ns. According to Eq. 19,
this corresponds to a channel conductance of ~2.4 nS.
Experimentally, by model fitting of the measured data
(20), the conductance near V ¼ 0 was estimated to be
~1.0 nS. Given the higher bulk ion concentration (~2.0 M)
in our simulations than in the experiments (1 M) (20), the
calculated and measured conductance values appear to be
comparable.Biophysical Journal 104(2) 368–376
374 Liu and ZhuResults from the nonequilibrium simulations are summa-
rized in Table 2, with the I-V curve plotted in Fig. 6. At
low voltages, the observed currents can be reasonably
described by the linear I-V relation (Fig. 6, solid line) pre-
dicted from the equilibrium simulation. However, the
linear range (~0.05 V) of this I-V curve is much smaller
than that of the model nanopore. At higher voltages, the
I-V curve exhibits asymmetric characteristics, appearing
superlinear at large positive voltages (i.e., with higher elec-
tric potential on the trans side) and sublinear at large
negative voltages, relative to the extrapolated linear relation
(Fig. 6, solid line).
The asymmetric shape of the I-V curve is in agreement
with experimental observation (20), and seems to mainly
arise from the Kþ current (Table 2 and Fig. 6). Similar
behaviors were observed in recent a-hemolysin simulations
(20), which also revealed different ion concentrations in the
channel under opposite voltages, and further attributed that
to the binding of cations to the negatively charged residues
(D127 and D128) at the trans entrance (20). At the lowest
applied voltages (50.025 V) in our simulations, experi-
ments still showed a detectable (<10%) difference between
the current magnitudes at opposite voltages, suggesting an
even smaller linear range. With the statistical uncertainty
here, our data cannot discern such small difference in the
currents. Nonetheless, the estimated conductance from our
collective diffusion model lies between the slopes at large
positive and negative voltages on the I-V curve, and appears
to be consistent with the channel conductance near V ¼ 0.DISCUSSION
A collective diffusion model was previously proposed and
justified by treating water transport as an analogous one-
dimensional diffusion process (15). Here for ion conduction,
we offer a rigorous proof of the model based on the well-
established linear response theory (4,12). Previous conclu-
sions for water permeation (15) can also be proven in theFIGURE 6 Currents at each applied voltage in the nonequilibrium simu-
lations of the a-hemolysin pore (Table 2). (Solid line) Linear I-V curve
predicted from Eq. 18. (Upper inset) Closeup view of the data at small
voltages.
Biophysical Journal 104(2) 368–376same manner. These collective diffusion models thus stand
on a theoretically more robust footing.
At high ion concentrations, the channels tested here
exhibit coupled multi-ion transports. In contrast, if the bulk
concentration is sufficiently low such that ion-ion encounters
are rare and negligible, the correlation between the translo-
cations of different ions will vanish. In such a ‘‘single-ion
conduction regime’’ (27), the ion occupancy inside the
channel is low, and the occasional passages of single ions
are not coupled to one another. Under this assumption, for
each ion type j with charge ej, an equilibrium crossing rate
kj0 can be defined as the average number of crossing events
along the þz (or equally, z) direction per unit time (27).
Because each crossing event changes Q by 5ej and the
crossing events are independent of each other, the MSD of
Q as t/N is given by (4)

DQ2ðtÞ ¼ 2tX
j
e2j k
j
0;
corresponding to a diffusion coefficientDQ ¼
X
j
e2j k
j
0;
where the summation is over all ion types. Substituting this
DQ into Eq. 18, we recover the linear I-V relation and the
channel conductance recently derived by analyzing the
linear terms of the ion crossing rates (27). The single-ion
conduction regime thus represents a special case of the
general collective diffusion model here.
When ion-ion interaction and coupled ion transports
cannot be ignored, one can no longer use the equilibrium
properties of single ion species to predict the I-V depen-
dence. In our tests here, if the equilibrium diffusions of
Kþ and Cl ions were taken separately to predict the
steady-state Kþ and Cl currents, the channel conductance
would be overestimated by roughly a factor of two (see
Results). The coupling between cations and anions might
also help explain similar observations in a recent study of
a PorB protein channel, with potentials of mean force
(PMFs) of single ion species giving rise to a somewhat
larger channel conductance than that obtained using more-
accurate methods (11).
In addition to the cation-anion interactions, repulsions
between ions of the same type may also play a central
role, especially in some narrow selective Kþ channels, and
in such cases one cannot take the single-ion PMFs to calcu-
late the channel conductance (27). In contrast, with the
collective coordinate Q that essentially lumps together the
motions of all charges, the conclusion (Eq. 18) of our collec-
tive diffusion model is general, regardless of the ion-ion
correlations mentioned above. In fact, as far as the calcula-
tion of channel conductance is concerned, one does not need
to explicitly consider the ion-ion interactions, as such effects
are already effectively captured by the collective coordinate.
Collective Diffusion Model for Ion Conduction 375The two channels tested here have fairly large radii and
thus high (nS) conductance compared to typical protein
channels. We note that a practical limitation of the collective
diffusion model is the need to sample statistically sufficient
spontaneous ion crossing events, thereby requiring long
simulation times for channels with low conductance. For
example, for the recently studied GLIC channel (27), spon-
taneous crossing occurs in the microsecond timescale, and
a systematic characterization of the I-V curve would thus
demand orders-of-magnitude more computational resources
than in our tests here. In such cases it may be more efficient
to invoke the approximation of single-ion conduction as
mentioned earlier, and apply biased sampling techniques
to calculate the ion PMF and channel conductance (27). In
addition, whereas the linear response theory provides the
slope of the I-V curve at V¼ 0, it does not indicate the actual
linear range of the response, which, as further discussed
below, may vary dramatically from channel to channel.
An analysis of the ion crossing rates (27) might seemingly
imply that the linear I-V response occurs only when the
energy (eV) associated with the crossing of one ion is small
relative to kBT. For the simple and uncharged model nano-
pore here, however, the linear I-V range extends to voltages
as high as ~0.5 V, corresponding to ~19 kBT. Previously it
was also shown that water fluxes through some simple
model channels depend linearly on the chemical potential
difference up to 10 kBT (15). The large linear response range
here can be better understood when the ion transport is
described as a collective diffusion (see Methods). If, when
under a constant voltage, the configuration of the system
in the stationary state does not significantly deviate from
that at equilibrium, the biased random walk may still be
described by the equilibrium diffusion coefficient of the
collective coordinate. The linear I-V range is thus mainly
determined by the sensitivity of relevant properties (such
as ion distribution, channel conformation, etc.) to the
applied voltage, rather than the magnitude of the voltage
relative to kBT.
For the a-hemolysin pore, in contrast, the relevant prop-
erties appear to be much more sensitive to the voltage
even when eV is smaller than kBT, thus giving rise to a small
linear range in the I-V curve. Similarly, for nanopores
with surface charges, ion binding and distribution inside
the channel can be significantly affected by the applied
voltage (10), also resulting in I-V curves that deviate from
linearity at relatively low voltages. Moreover, the confor-
mation of some flexible protein channels may change in
response to the transmembrane potential, and in such cases
we also expect small linear ranges.
Within the linear range, by definition all I-V curves are
symmetric. Asymmetric I-V dependence, termed current
rectification, necessarily arises in the nonlinear portion of
the I-V curve. Many factors, such as geometry, charge
distribution, and conformational changes, may give rise to
current rectification. The model nanopore tested here iscompletely rigid and free of any surface charge, and we
study the effect arising from the asymmetry in channel
geometry alone. The observed I-V curve through this
conical-shaped channel turns out to be largely symmetric
even in the nonlinear region, with voltages of opposite
polarity producing currents of similar magnitudes. In con-
trast, the cylindrical-shaped a-hemolysin pore, with surface
charges from amino-acid residues, clearly exhibits current
rectification.
The I-V curves of both channels here are consistent with
the conclusion (10,20) that surface charges and the resulting
ion binding spots are the main underlying reason for the
observed current rectifications. For protein pores, channel
flexibility represents another major source of asymmetric
I-V responses. Notably, the conformation of voltage-gated
ion channels (7) depends sensitively on the magnitude and
polarity of the transmembrane potential, thus resulting in
dramatic current rectification and other nonlinear effects.
Our results here thus suggest that when other factors are
absent, geometric asymmetry alone would not necessarily
give rise to a significant current rectification within the
studied voltage range, although it might possibly play a
role when other factors such as surface charges are present.
Further studies (10,20) with different channel radii, charge
distributions, and ion concentrations are thus needed to
shed more light on this issue.CONCLUSION
In this study, we describe a quantitative relationship
between the spontaneous ion transport through channels
at equilibrium and the steady-state ionic current under
small voltages. Using this theory, one can reliably pre-
dict the linear portion of the I-V curve and the channel
conductance from equilibrium MD simulations. We also
expect this approach to be applicable to Brownian dynamics
simulations.
A complete characterization of the I-V curve should
cover the entire voltage range of interest. At relatively
high voltages, nonequilibrium MD simulations (11,16,17)
can be conveniently applied to measure the corresponding
ionic currents. At very low voltages, however, direct
sampling of net ion fluxes would require long simulation
times to acquire sufficient statistics. In such cases it would
be more efficient to obtain the asymptotic slope of the I-V
curve from equilibrium simulations as described here.
This is particularly beneficial for channels with small linear
response ranges, where currents at low voltages cannot be
safely interpolated from the values obtained at high volt-
ages. In combination with complementary methods, there-
fore, the collective diffusion model may contribute to the
study of ion channels (28–31).
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